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The effective field theory relevant for the analysis of QCD at low energies is re- 
viewed. The foundations of the method are discussed in some detail and a few 
illustrative examples are described. 



1 Introduction 

The low energy properties of the strong interactions are governed by a chi- 
ral symmetry. For this reason, the physics of the degrees of freedom that 
are relevant in this domain is referred to as chiral dynamics and the corre- 
sponding effective field theory is called chiral perturbation theory. Effective 
field theories play an increasingly important role in physics, not only in the 
context of the strong interactions, but also in other areas: heavy quarks, elec- 
troweak symmetry breaking, spin models, magnetism, etc. In fact, one of the 
remarkable features of effective Lagrangians is their universality. A compound 
like La2CuC>4 which develops two-dimensional antiferromagnetic layers and ex- 
hibits superconductivity up to rather high temperatures can be described by 
an effective field theory that closely resembles the one relevant for the strong 
interactions! The reason is that the effective theory only exploits the symme- 
try properties of the underlying theory and does not invoke the dynamics of 
the fields occurring therein. In fact, the development of chiral perturbation 
theory started in the 1960's, at a time when it was rather unclear whether the 
strong interactions could at all be described in terms of local fields. Let me 
briefly review the history of the subject. 

In 1957, Goldberger and Treiman investigated the nucleon matrix element 
of the axial current .EJ The exchange of a pion between the nucleon and the 
current generates a pole at t = M%, that is at a very small value of the 
momentum transfer. Assuming that the contribution from this nearby pole 
dominates the matrix element of the divergence at t = 0, they obtained the 
prediction 
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which determines the strength of the pion-nucleon interaction in terms of the 
axial current matrix clement the nucleon mass Mn and the pion decay 
constant F n . Inserting the experimental values available at that time, they 



1 



found that the relation is indeed obeyed at the 10 % level (in the meantime, 
the discrepancy has become significantly smaller: The current experimental 
informationo indicates that the relation holds to within about 2 or 3%, but the 
value of g^NN IS st iH subject to sizeable uncertainties). 

In 1960, Nambu then showed that the observed smallness of the pion mass 
can be explained on the basis of symmetry considerations a The argument relies 
on the fact that continuous symmetries may undergo spontaneous breakdown. 
If this happens, the spectrum of the theory necessarily contains massless parti- 
cles, called Goldstone bosons, after Goldstone who established the implications 
of spontaneous symmetry breakdown in mathematically precise form.u In the 
case of approximate symmetries, spontaneous breakdown gives rise to particles 
that are only approximately massless. According to Nambu, the pions are light 
because they are the Goldstone bosons of an approximate symmetry. 

The significance of symmetries in particle physics was known since a long 
time. Twenty years earlier, Heisenberg had pointed out that the strong in- 
teractions are invariant under the group SU(2) generated by isospin — if not 
exactly then to a high degree of accuracy!! The relevance of approximate sym- 
metries, however, only emerged in the beginning of the 1960's, mainly through 
the work of Gell-Mannfl In particular, Gell-Mann and Ne'eman showed that 
the observed pattern of mesonic and baryonic states can be understood if one 
assumes the strong interactions to be approximately invariant under a larger 
group, SU(3). The extended symmetry, termed the eightfold way, contains 
the isospin rotations as a subgroup. As the extra generators do not commute 
with the Hamiltonian, the corresponding currents are not conserved. For the 
Hamiltonian to be approximately symmetric, their divergence must, however, 
be small; accordingly, such currents were referred to as "partially conserved" . 

The symmetry responsible for the smallness of the pion mass is of a differ- 
ent type. Since the pions carry negative parity, the relevant generators must 
change sign under space reflections: The corresponding partially conserved cur- 
rents must be axial vectors. The assumption that the strong interactions admit 
Partially Conserved Axial vector Currents was termed the PC AC hypothesis. 

Although the generators of an approximate symmetry group do not com- 
mute with the Hamiltonian, the commutators of the generators among them- 
selves are fixed by the structure of the group, irrespective of symmetry break- 
ing. The corresponding currents therefore obey a set of exact commutation 
relations — current algebra. In 1965/66 Adler and Weisbergeru established 
the first quantitative consequences of current algebra and PCAC, and Wein- 
berg showed that the low energy properties of the amplitude describing the 
emission of any number of soft pions as well as the.|jr7r scattering amplitude 
can unambiguously be predicted in this framework. £§£2 
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The method used to establish these results was based on an analysis of the 
Ward identities obeyed by the Green functions of the axial vector currents and 
was rather cumbersome. Weinberg, Wess, Zumino, Schwinger, Chang, Gursey, 
Lee and others, however, soon realized that the same results could be derived 
in a much simpler way, using effective Lagrangians. The general framework uil. 
derlying this technique was analyzed by Callan, Coleman, Wess and iuminoEj 
in 1969. At about the same time, Dashen, Weinstein, Li and PagelsEi started 
exploring the consequences of the fact that chiral symmetry is only an approx- 
imate symmetry, investigating the departures from the low energy theorems of 
current algebra due to symmetry breaking. A concise .formulation in terms of 
the effective Lagrangian method was given by WeinbergO in 1979. In the mean- 
time, QCD had been discovered, providing a coherent conceptual framework 
for an understanding of the strong interactions. In particular, this theory at 
once offered a natural explanation for the empirical fact that the Hamiltonian 
of the strong interactions exhibits an approximate symmetry: The Hamilto- 
nian of QCD possesses an exact chiral symmetry if the quark masses are set 
equal to zero - hence an approximate one if these masses happen to be small. 

The pioneering work on chiral dynamics concerned the properties of pion 
amplitudes on the mass shell. The key observation which gave birth to this 
development is that a suitable effective field theory involving Goldstone fields 
automatically generates on-shell amplitudes that obey the low energy theorems 
of current algebra and PCAC. The interaction among the Goldstone bosons 
is described by an effective Lagrangian that is invariant under global chiral 
transformations. The insight gained thereby not only led to a considerable 
simplification of current algebra calculations, but also paved the way to a 
systematic investigation of the low energy structure. 

The shortcoming of the on-shell analysis is that it does not allow one to 
evaluate current matrix elements such as F v or gA, which - as illustrated by 
the Goldberger-Treiman relation - play an important role for the quantitative 
consequences of the symmetry properties. The problem originates in the fact 
that the on-shell analysis is based on global symmetry considerations. Global 
symmetry provides important constraints, but does not suffice to determine 
the low energy structure beyond leading order. A conclusive framework only 
results if the properties of the theory are analyzed off the mass shell: One needs 
to consider Green functions and study the Ward identities which express the 
symmetries of the underlying theory at the local level. The occurrence of 
anomalies illustrates the problem: Massless QCD is invariant under global 
SU(N/) R x SU(N/) L , but - for more than two flavours - the corresponding 
effective Lagrangian is not. 
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In 1983, we proposed a method that incorporates the Ward identities ab 
initio and allows one to anafaae. the low energy structure of the Green func- 
tions in a controlled manner .Ejo We worked out a number of applications and 
estimated the effective couplings occurring at first nonleading order. Most of 
the more recent work on chiral dynamics is based on this framework. 

The following presentation of chiral dynamics only covers a small frac- 
tion of the field. Throughout, I will restrict myself to the mesonic sector of 
Hilbert space. The extension of chiral perturbation theory to the sectors with 
nonzero baryon number has recently attracted considerable attention, for sev- 
eral reasons - the beautiful experimental results concerning pion photo- and 
electroproduction, the fact that the matrix element (iV|ss|iV) can be deter- 
mined by means of irN scattering, the Lorentz invariant formulation of the 
effective theory, baryons at large N c , nuclear forces, to name a few. For a 
review of that development, I refer to the contributions by A. Manohar and 
U. Meissner in this volume. Even in the mesonic sector, the presentation is 
far from complete: The extension of the effective Lagrangian required to in- 
corporate the degrees of freedom of the photons and leptons or to analyze 
nonleptonic weak transitions, will not be discussed. The significant progress 
in our understanding of the isospin breaking effects due to the mass difference 
between the u- and <i-quarks - of relevance, for instance, for the analysis of 
the ratio e'/e - will not be covered, either. For a more complete picture of 
the current state of chiral dynamics, I refer to the review articles listed in the 
bibliographyJla 

2 Massless QCD a theoretical paradise 

For reasons that yet remain to be understood, it so happens that the Yukawa 
interaction of the u, d and s quarks with the Higgs field is weak, while the one 
of the remaining three quark flavours is strong. As a first approximation, we 
may consider the theoretical limit where m u , nid and m s are set equal to zero, 
while m c , nib and nit are sent to infinity. In this limit, QCD is a paradise of a 
theory: It does not contain a single dimensionless parameter. If the momenta 
are measured in units of the intrinsic scale of the theory, A QCD , all of the 
transition probabilities of physical interest are unambiguously determined by 
the Lagrangian. 

The Hamiltonian of QCD with three massless quark flavours is charac- 
terized by a high degree of symmetry, which originates in the fact that the 
interaction between the quarks and gluons is flavour independent and pre- 
serves helicity: It is invariant under independent flavour rotations of the right - 
and left-handed quark fields. The eight vector currents as well as the eight 
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axial currents 

V£ ^qi^Kq , A£ =37^75 §A a g (1) 

are conserved. The same holds for the singlet vector current Vq, while the 
divergence of contains an anomaly, 

d^AZ = V6w , w = ^tr G^& v , A - J| . (2) 

The 9 conserved vector charges Qg, . . . , Qg and the 8 conserved axial charges 
Qt ... ,Q£ generate the group G = SU(3) R xSU(3) L xU(l) v . 

As shown by Vafa and Witten,t3 the ground state of the theory is necessar- 
ily invariant under the subgroup generated by the vector charges: |0) = 0. 
For the axial charges, however, there are two possibilities: 

a. Q* |0) = 0. The ground state is invariant under chiral rotations, G is 

realized as an ordinary Wigner-Weyl symmetry. The spectrum consists 
of degenerate multiplets that transform irreducibly under G and thus 
contain degenerate states of opposite parity. 

b. Q* |0) 7^ 0. The ground state is not symmetric with respect to chiral 

rotations, G is realized as a spontaneously broken or Nambu-Goldstonc 
symmetry. The spectrum consists of multiplets of the subgroup that 
leaves the vacuum invariant, H = SU(3) v xU(l) v . One of these multiplets 
consists of the Goldstone bosons: Since the eight states |0) carry the 
same energy and momentum as the ground state, the spectrum must 
contain eight massless particles. 

It still remains to be understood why the minimum of the energy occurs for an 
asymmetric rather than a symmetric state, so that alternative b. is realized in 
nature, but there is very strong experimental evidence for this to be the case. 
Indeed, the main features of the observed mass pattern are readily understood 
on this basis: The pion mass is small compared to the masses of all other 
hadrons. This is to be expected if the strong interactions possess an approx- 
imate, spontaneously broken symmetry with the pions as the corresponding 
Goldstone bosons. The Lagrangian of QCD does have the relevant approxi- 
mate chiral symmetry, provided the quark masses m u and uid are small. As an 
immediate consequence, the strong interactions must approximately conserve 
isospin, because the corresponding symmetry breaking parameter, m u — wid, 
is then also small. The particle data tables show that the levels are grouped 
in multiplets of SU(3). Since the splitting is much larger than the one within 
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the isospin multiplets, the symmetry breaking parameter m s — \{vti u + m^) 
must be large compared to m u — rrid- The observed pattern thus requires 
m s 3> rrid > m„. For the pions to be light and the eightfold way to be an 
approximate symmetry, m u , rrid as well as m s — |(m„ + must be small. 
Hence the mass of the strange quark must be small, too - we must be living 
in a world that is close to the paradise described above. 

In the real world, chiral symmetry is broken not only spontaneously, but 
also explicitly, through the quark mass term in the Hamiltonian, 

Hqcd = H o + Hi , Hi = J d 3 x m u uu + mddd + m s ss . (3) 

Also, since the heavy quarks are not infinitely heavy, their degrees of freedom 
must be included in the Hamiltonian. As these are singlets under the group 
SU(3) R xSU(3) L xU(l)v, they may be booked in Hq - what counts for the low 
energy analysis of the theory is only that Hq is invariant under this group. 

QCD neatly explains why the pseudoscalar octet contains the eight light- 
est hadrons and why the mass pattern of this multiplet very strongly breaks 
eightfold way symmetry. These particles carry the quantum numbers of the 
Goldstone bosons required by the spontaneous breakdown of the approximate 
symmetry SU(3) R xSU(3) L xU(l) v — > SU(3) v xU(l) v . If the quarks were mass- 
less, Mtt, Mk and M v would vanish. The masses of the Goldstone bosons]] are 
due to the quark mass term in the Hamiltonian of QCD. For all other multi- 
plets, the main contribution to the mass is given by the eigenvalue of Hq - the 
quark mass term Hi only generates a small perturbation that is responsible 
for the splitting of the levels, the state with the largest strange quark compo- 
nent winding up at the top. For the pseudoscalars, however, the main term 
is absent. First order perturbation theory shows that the square of the pion 
mass is given by — (m u + rrid)B + . . . , where B is the matrix element of 
uu in the unperturbed state. For the kaon, the leading term involves the mass 
of the strange quark, M§- + = (m u + m s )B + . . . , M|- = (m<2 -I- m s )B + . . . 
The square of the kaon mass is about 13 times larger than the square of the 
pion mass because m s is about 13 times larger than m u + mj. Eightfold way 
symmetry is perfectly consistent with the fact that m u , md, m s and hence M„, 
Mk, M v are very different from one another. In this context, the symmetry 
only implies that the matrix elements of the operators uu, dd, ss in the various 
states of the pseudoscalar octet are approximately determined by one and the 
same constant B. 



a Sometimes, the name "Goldstone boson" is reserved for the case of an exact symmetry, 
replacing it by the term "Pseudo-Goldstone-boson" if the symmetry is an approximate one. 
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3 Effective action 



I now turn to the Green functions of the various operators built with the 
quark fields: vector or axial currents, as well as scalar or pseudoscalar den- 
sities. These are conveniently collected in the effective action of the theory, 
which represents the response of the system to the perturbation generated by 
corresponding external fields. I denote the external field associated with the 
vector current by v^{x) and extend the Lagrangian by the term qp/^v^x^q. 
The field v^(x) is a matrix in flavour space, but is colour neutral and also 
commutes with the Dirac matrices. Similarly, the axial currents are generated 
by a term of the form qj fJ 'j5a fl (x)q. To include the scalar and pseudoscalar 
densities, it suffices to consider a space-dependent, complex quark mass matrix 
m = m{x). For reasons which will become clear shortly, it is convenient to in- 
troduce a further external field 9{x), coupled to the winding number density w 
defined in eq. (J2J) . In the presence of these external fields, the QCD Lagrangian 
takes the form 

£qcd = Cg + qil^(9fj, - iG^q + ^(v^ + a^)q - q^rnqL - q L m f q R 
Co = -^tTcG^G^ -6u . (4) 

The effective action of QCD is the logarithm of the corresponding vacuum-to- 
vacuum transition amplitude, 

exp i S e ff{v, a, m, 9} = (0 out | in) ^ a _ ^ g (5) 

and contains the various external fields as arguments. By construction, the 
quantities v fJ- (x), a fl (x) and m(x) are NjxNj matrices acting in flavour space. 
While v^(x) and a^(x) are hermitean, the field m(x) contains both a hermitean 
part, generating the scalar quark densities, and an antihermitean part, giving 
rise to the pseudoscalar operators. 

The expansion of the effective action in powers of the external fields 
v^, a M , m and 9 generates the Green functions of the massless theory. The 
quark condensate, for instance, is given by the term linear in m(x), all other 
sources being switched off, 

S eff = - Jdx (0| g R m<j L + q L m^q R |0) + . . . (6) 

The various two-point functions are contained in the terms involving two ex- 
ternal fields. In particular, the correlation function of the axial current is given 
by the term 

S eff = \i Jdxdya«(x)a b M(0\TAZ(x)A» b (y)\0) + ... (7) 
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where the field a^(x) represents the matrix a M (x) in the Gell-Mann basis, 
a^(x) = \\ b a^(x). 

The same effective action also contains the Green functions of real QCD. 
To extract these, one considers the infinitesimal neighbourhood of the physical 
quark mass matrix tuq rather than the vicinity of the point m = : Set 
m{x) = mo + rfi(x) and treat rh(x) as an external field. The expansion of the 
effective action in powers of v^, a M , rh and yields the Green functions of the 
vector, axial, scalar and pseudoscalar currents and of the operator G M1/ G A " y for 
the case of physical interest, where the quark masses are different from zero. 

In path integral representation, the effective action of QCD is given by 

exp i S e ff{v, a, m, 9} = AfJ[dG] exp (i JdxC a ) det D , (8) 

where D is the Dirac operator 

D = z 7 A 'R - i(G„ + u„ + a M 75)} -m\(l- 7s ) - m)\{\ + 75) , (9) 

and A/ --1 is the path integral for = = m = 8 = 0. In the present 
context, where the electroweak interactions are switched off, there is a sharp 
distinction between the colour field and the flavour fields w M , a^: While 
the former is a dynamical variable, which mediates the strong interactions and 
is to be integrated over in the path integral, the latter are classical auxiliary 
fields. 

4 Chiral symmetry in terms of Green functions: Ward identities 

The construction of the effective theory relies on the symmetry properties of 
the Green functions, more specifically, on the Ward identities obeyed by these. 
The Ward identities can be expressed as a remarkably simple property of the 
effective action: Disregarding the anomalies, S e ff is invariant under local chiral 
rotations. Since this property plays a central role in the following, I briefly show 
how it can be established. 

Formally, the QCD Lagrangian is invariant under local U(3) R xU(3) L ro- 
tations of the quark fields, 

q R (x)' = V R (x)q R (x) , = V^x)q^x) , 7 Bl V t eU(3) , (10) 

provided the external fields are transformed accordingly: 
r^x)' = V K (x) rfl (x)V£ - id^V^ , 
l^x)' = V^x)lp{x)VZ - i^VLVj . (11) 
m{x)' = V R (x)m(x)Vj , 
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with r M = Vfj, + dp, Ifj, = Vfj, ~ a M . As is well-known, however, only the modulus 
of the determinant of the Dirac operator is invariant under this operation - the 
phase picks up a change. The determinant is unique up to a local polynomial 
formed with the gluon and external fields. The polynomial may be chosen such 
that the determinant is invariant under the subgroup generated by the vector 
charges, as well as under gauge transformations of the gluon field. Under the 
infinitesimal transformation 

V R = 1 + ia + i/3 + . . . , K = 1 + ia - if3 + . . . , 

the change in the phase of the determinant then takes the form 



where (X) denotes the trace of the 3x3 matrix X. The gluon field only enters 
the first term, through the winding number density u> - this term gives rise 
to the U(l)-anomaly in the conservation law (^|) for the singlet axial current. 
The second term only contains the external vector and axial fields, 



The particular contribution indicated is the one that describes the the anoma- 
lies in the Ward identities for the correlation function (0| TA X V^V V |0), which 
play a central role in the decay ir° — > 77. The full expression for fl also contains 
terms that are quadratic in , as well as contributions involving three or four 
vector or axial fields, which account for the anomalies in the Ward identities 
obeyed by the 4- and 5-point functions. The explicit expression for these terms 
is not relevant in our context, but it is essential that they are independent of 
the gluon field: This property implies that the second term in eq. (|l2|) can be 
pulled out of the path integral. The first one can be absorbed with a change 
in the vacuum angle - this is the reason for introducing a term proportional 
to uo in the definition of the effective action. The net result is that the change 
generated by an infinitesimal chiral rotation of the external fields, 

Sv,i = df+a + iiatjVjj] + i[/3, a M ] , Sa^ — d^f3 -I- 0,^] + i[/3, 




(12) 



Q = 



-\ e^d^VudpVa + ... 



(13) 



5m 



i{a + (3)m — im(a — (3) 
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2</3> 



(14) 



can be given explicitly: The effective action picks up the change 




(15) 
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The relation collects all of the Ward identities obeyed by the Green functions 
formed with the operators q^^Xq, g7 M 7sAq, qXq, qij^Xq and u>. It states that 
the effective action is gauge invariant under local chiral rotations, except for 
the anomalies, which are of purely geometric nature: The right-hand side of 
eq. ( |l5|) is independent of the coupling constant and of the quark masses - it 
only involves the number N c of colours. 

The relation 56 = —2(/3) specifies the transformation law of the vacuum 
angle only for infinitesimal chiral rotations. The one relevant for finite trans- 
formations is obtained by integrating this relation. As the group U(l) is not 
simply connected, the result, however, is unique only up to multiples of 27r, so 
that only the transformation law for e l6 is free of ambiguities: 

e l8 ' = det(V^V h ) e ie . (16) 
5 Basic low energy constants 

Let us return to paradise and consider the quark condensate (0| q R a qi? |0) where 
a, (3 — 1,2,3 indicates the quark flavour. Under left-handed chiral rotations, 
the operator q^q^ transforms according to the representation 3. If the ground 
state were invariant under these, the condensate would therefore vanish. In 
this sense, the matrix element (0| q^q^P |0) represents a quantitative measure 
for the strength of the spontaneous symmetry breakdown and is referred to as 
an order parameter. The vacuum expectation value of any scalar operator that 
is not invariant under chiral transformations may serve as an order parameter. 
The quark condensate is the most important one, because it represents the one 
of lowest dimension. As there is no reason for the condensate to vanish, one 
generally assumes that it is different from zero. Lattice calculations provide 
some evidence for this to be the case, but it is notoriously difficult to explore 
the properties of the theory for small quark masses, not to speak of those of 
the massless theory. 

Since the ground state is invariant under SU(3) V , the condensate involves 
a single constant, 

(0|5aV|0) = -|^ /3 C . (17) 

Moreover, invariance of the ground state under space reflections implies that 
(0| qij5q |0) vanishes, so that C is real. 

A nonzero condensate immediately implies that the spectrum contains 
massless particles. To see this, consider the correlation function of the axial 
and pseudoscalar current octets (to distinguish the octet components from the 
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singlets, I label these with the indices i, k = 1, . . . , 8, while a, b = 0, ... ,8) 

which obeys the Ward identity 

9 / ,(0|TAf( a; )P fc (0)|0) = -ii<5( a ;)(0|3{A i ,A fe } g |0) . (18) 

The relation may be derived in a formal manner, by evaluating the derivative 
of the time-ordered product and using the equation of motion for the quark 
fields, but this is not without caveats - in general, operations of this sort are 
afflicted by ambiguities. The result may however be established in full rigour 
from the effective action. It suffices to consider the terms 



dx (0| g R mg L + q^m^q^ |0) 



i dxdy(0\ T{q^^a^q} x {g R mg L +qi J m)q R } v |0) 



and to apply the infinitesimal chiral rotation (11) to the external fields a^(x), 
m(x). The relation ( |l5|) requires the changes proportional to {/?, m}, {/?, m^} 
in the first line to cancel those proportional to d u (3(x)m(y), d^(3{x)m) (y) in 
the second line. This condition indeed leads to eq. (|l8|). 

The above Ward identity can be solved explicitly. Lorentz invariance im- 
plies that the Fourier transform is of the form 



dx e*v x (0| TA? (x)P k (0) |0) = P ^(p 2 ) . 

With the explicit representation ( |l7| ) for the condensate, the identity (|l8| ) thus 
becomes 

-p 2 U^(p 2 ) = 6 lk C . (19) 

Hence the function n* fc p (p 2 ) contains a pole at p 2 = - the spectrum must 
contain massless particles. The result also shows that the correlation function 
under consideration is fully determined by the condensate: 

dxe*' s (Q\TA?(x)P k (0) |0) = 5 ik V [° . . (20) 

— pr — ic 

The pole requires the existence of 8 massless one-particle states \ir l ), with 
nonzero matrix elements 

{0\At\Tt k )=i8 k lP »F , (0\P i \n k )=S i k G , FG = C. (21) 
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In fact, only these intermediate states contribute and it is easy to see why that 
is so. The matrix element (n|P& |0) vanishes unless the angular momentum of 
the state (n| vanishes. For such states, however, Lorentz invariance implies 
that the matrix element (0| \n) is proportional to the momentum p£ of the 
state. At the same time, current conservation requires the matrix element to 
be transverse to p^. The two conditions can only be met if p\ = 0, that is, if 
the vector \n) describes a massless particle of spin zero - a Goldstone boson. 

The calculation demonstrates the validity of the Goldstone theorem in the 
context of QCD: The massless theory can have a nonzero quark condensate only 
if (a) the spectrum contains Goldstone bosons and (b) the corresponding one 
particle matrix elements of the axial and pseudoscalar currents are different 
from zero. The value of the pion matrix element of the axial current, the 
pion decay constant F n — 92.4 MeV, is known experimentally, from the decay 
7r — * [iv. Since the Goldstone bosons of QCD are the pseudoscalar mesons, 
this constant must approach a nonzero limit F when the quark masses are sent 
to zero. j— - 

The Gell-Mann-Oakes-Renner relatiorJill is an immediate consequence: For 
nonzero quark masses, the divergence of the axial current is related to the 
pseudoscalar density by d^uj^^d) = (m u + rndfuij^d. The vacuum-to-pion 
matrix element of this equality shows that the physical one particle matrix 
elements obey the exact relation M^F^ — (m u + m ( ;)G 7r . The coefficient of the 
leading term in the expansion of the pion mass in powers of the quark masses, 
M 2 = (m u + md)B + . . . , is therefore determined by the condensate and by 
the pion decay constant: B = G/F = C/F 2 . 

The above relations involve two independent low energy constants, F and 
B. In particular, the value of the quark condensate in the massless theory 
may be expressed in terms of these: (0|uu|0) = —F 2 B. In fact, the same 
two constants fully determine the leading low energy singularities in all of the 
Green functions. In the case of the correlation function (0| TA^(x)A^,(Q) |0), for 
instance, this can be seen as follows. In the massless theory, this function obeys 
the Ward identity <9 M (0| TA?(x)A%(Q) |0) = 0, so that the Fourier transform is 
transverse to the momentum, 

i fdxe^ (0\TA?(x)AU0) |0) - (p*y - g^p 2 ) S lk n AA (p 2 ) . (22) 

The one-particle intermediate states generate a pole at p 2 = 0, whose residue 
is also determined by the constant F: 

n A V) = + ■■■ (23) 

TV 6 Q £ 
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6 Low energy expansion of the effective action 



The result obtained in the preceding section for the quark condensate and 
for the correlation functions of the operators A?, Pi amounts to the following 
explicit expression for the relevant terms in the effective action: 



8 

- I dxdy \iF 2 B 9^{x) A (x - y) (X(m{y) - rrf(y)) (24) 

i—1 

8 

- J dxdy ^F 2 Y,^M^{x-y)a^ i {x)+... 



The function Ao(x) stands for the massless propagator, 

1 r e -ip-x i 
A o( x ) = TFTTa d P 



(2tt) 4 7 1 -p 2 -ie 4TT 2 (~x 2 -ie) ' 

and a 1 is the field strength, a' = d^a l u — d v al. 

The expression shows that the effective action of massles QCD is an in- 
herently nonlocal object - the exchange of Goldstone bosons implies that the 
correlation functions only drop off with a power of the distance. This is in 
marked contrast to the effective action of Heisenberg and Euler, who consid- 
ered the correlation functions of the current for electrons exposed to an external 
electromagnetic fieldJla The corresponding effective action is given by the sum 
of all one-loop graphs containing an arbitrary number of external field vertices, 

expiS e eff {A} = det{i^(d fl -ieA fl )-m e } . (25) 

In this case, the correlation functions drop off exponentially with the distance. 
If the external field is weak (l-F^I <C m 2 ., F^ v = d^Ay — d u A^) and varies only 
slowly, so that the typical wavelengths are small compared to the Compton 
wavelength of the electron (\d\F^\ <C m e \F^\), the effective action may be 
expanded in powers of derivatives: 



S%f{A} = JdxC eff 



p 2 T\"(0) p 2 
r „ — v > pv- v p - B x F' J,v d\F (26) 



e 



4 2407r 2 m2 

2 „4 



UF^UF^u + 1AAn a A (F» V F^Y + 7(F"" F^f} 



22407r 2 m4 ^ <-> ' iU0n 2 m 
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The contributions quadratic in the field strength are described by the vac- 
uum polarization IT" (p 2 ) - the analogue of the quantity II AA (p 2 ) introduced 
in eq. (^||), the axial current being replaced by the electromagnetic one. The 
various terms arise from the Taylor series expansion of this function in powers 
of p 2 /m 2 . The first term in the Heisenberg-Euler Lagrangian is proportional 
to the Lagrangian of the free electromagnetic field and merely renormalizes 
the photon wave function, A r ^ n = {1 + \e 2 Ii"{Q)}A fl . The remainder amounts 
to a modification of the Maxwell Lagrangian and deforms the electromagnetic 
field generated by a given charge distribution. For slowly varying fields, the 
effect is dominated by the contribution of order (dxF^) 2 , referred to as the 
Uehling term. In particular, this term generates a small contribution to the 
Lamb shift (spacing between the S- and P-wave bound states of the hydrogen 
atom with principal quantum number n = 2). 

The origin of the qualitative difference between the two effective actions 
is evident: The spectrum of the states that can be created by an external 
electromagnetic field has an energy gap, AE = 2m e , while the spectrum of 
massless QCD does not. External fields can generate Goldstone bosons, even 
if their wavelength is large. In reality, QCD also has an energy gap: AE — M n . 
Accordingly, for external fields that vary only slowly on the scale set by the 
Compton wavelength of the pion, the effective action also admits a derivative 
expansion that consists of a string of local terms. The range of validity of such 
a representation, however, is very limited, because m u , and hence the pion 
mass are small. If the quark masses are set equal to zero, the straightforward 
derivative expansion becomes entirely meaningless. 

In contrast to the case of the correlation function (0| TA^Pk |0), which ex- 
clusively receives a contribution from the exchange of single Goldstone bosons, 
the quantity (0|TAfj4£|0) also picks up contributions from spin 1 interme- 
diate states with 3,5,... pseudoscalar mesons, which the representation for 
the effective action in eq. ( |2^ ) does not account for. In the function II AA (p 2 ), 
these generate a branch cut starting at p 2 — 0. At low energies, phase space 
strongly suppresses the discontinuity across the cut, but in the vicinity of the 
resonance cii(1260), there is a pronounced peak. The pole term dominates in 
the sense that the remainder approaches a finite limit H when p — > 0. We may 
view the pole as the leading term in the expansion of II AA (p 2 ) in powers of the 
momentum: 

n AA ( P 2 )= f 2 . +H + 0(p 2 ) . (27) 
— p z — it 

The constant H gives rise to an additional contribution in the expression for the 
effective action: a local term proportional to JdxH X)i( a ^) 2 ; which resembles 
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the leading term in the Heisenberg-Euler action. The systematic analysis of 
the effective theory, which will be sketched below, orders the contributions ac- 
cording to powers of the momentum and automatically accounts for the above 
term at first nonleading order of this "low energy expansion" . The imaginary 
part generated by intermediate states with 3 Goldstone bosons manifests itself 
at next-to-next-to leading order of that expansion. The resulting representa- 
tion for the effective action in effect also amounts to a derivative expansion. 
It is of a nonlocal type, because the expansion contains inverse powers of the 
momentum. 

The pole term provides an adequate approximation of the function II AA (p 2 ) 
only for momenta that are small compared to the mass of the a\ (1260). In the 
case of the correlation function of the vector current, where the p(770) gener- 
ates a peak in the imaginary part, the domain where the first one or two terms 
in the expansion in powers of the momentum provide a decent approximation 
is even smaller. Generally speaking, all of the momenta must be small com- 
pared to the intrinsic scale of QCD. The quantitative form of this condition 
depends on the channel under study. The internal consistency of the effective 
theory also leads to a constraint on the magnitude of the momenta: As will 
be discussed below, the loop graphs generate contributions at next-to-leading 
order. These must be small compared to the leading terms, a requirement that 
only holds if the momenta obey the condition p <C ^ttF^/ y/Wf ~ 700 MeV. 

7 Effective Lagrangian 



The expression (24) is reminiscent of the effective action of a free field theory 
that involves massless scalar fields. Indeed, we can introduce eight pseudoscalar 
fields 7T 1 (x) , . . . , 7r 8 (x) and consider the Lagrangian 

£ eff = i (c^ttcPtt) + \F 2 B (m + m f ) - \iFB{n m - tt m f ) , 

8 8 

tt = Y, *% , d^ir = Y^(d^ 1 - Fa^Xi , (28) 

i=l i=l 

which is quadratic in these fields, so that the effective action coincides with 
the classical action. The corresponding equation of motion reads: 

U^{x)^Fd^a\ l {x)-iFB{\ l {jn{x)~m\x)}) . (29) 

It is straightforward to work out the classical action of this model and to check 
that the result of this calculation within classical field theory does reproduce 
the terms in eq. (p4|). The same calculation also yields the pole term in the 
correlation function (0| TPi(x)Pk(0) |0), which is not included there. 
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The part of the effective action of massless QCD that we have picked out 
may thus equally well be described in terms of an entirely different field theory, 
which instead of quarks and gluons contains a set of pseudoscalar fields as 
dynamical variables. In contrast to the effective action, the relevant Lagrangian 
does represent a local expression. It is convenient to count the external field 
a^(x) as a quantity of the same order as the derivative, 0(a) = 0(d) = 0(p) 
and to book the field m(x) as a term of 0(p 2 ). The above expression for the 
Lagrangian then represents a term of 0(p 2 ). 

It is clear, however, that this framework is incomplete: (a) it does not 
cover all of the Green functions of QCD and (b) the corresponding represen- 
tation for the correlation function (0| TA^(x)A^,(0) |0) only accounts for the 
contribution that dominates at low energies. As discussed below, both of these 
limitations can be removed, at least in principle: If the effective Lagrangian is 
chosen properly, the resulting effective action coincides with the one of QCD, 
to any desired order in the low energy expansion. In this sense, there exists an 
alternative, exact representation of QCD: The path integral in eq. (||) can be 
replaced by a path integral over the effective fields tt (x), . . . , ir s (x), 

exp i S e ff{v, a, to, 9} = A/" e // J M 71 "] ex P (i J dx £ e //) 7 (30) 

where AQ^ 1 is the same path integral evaluated at = = m = 6 = 0. The 
full effective Lagrangian is a local expression of the form 

C e ff = £ e ff(ir, v, a, to, 9; dir, dv, 9a, dm, 39; d 2 ir, . . .) . 

It can be ordered by counting the number of fields and derivatives with 

{n,6} = OQ.) , {d,v,a} = 0(p) , to = 0(p 2 ) . (31) 

Lorentz invariance permits only even orders. The expansion starts at 0(p 2 ): 

C eff = £( 2 > + £W + + ... (32) 

For a detailed proof of this claim, I refer to the literature.lll In the following, 
I first briefly describe the main properties of the effective Lagrangian and of 
the path integral (^) and then make a few comments about the proof of the 
statement that the effective theory reproduces the Green functions of QCD, 
order by order in the low energy expansion. 
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8 Effective field theory 



The leading term in the derivative expansion of £ e // is the Lagrangian of the 
nonlinear cr-model: 

£ (2) = i i^VplTV"^) + \ F 2 B (m C/t + Urn)) + ^HqD^D^B . 

The effective field is described in terms of a unitary 3x3 matrix, UU' = 1. 
The covariant derivatives stand for 

V„U = d^U - i(v„ + a^U + iU{v tl - a M ) , £> M = d„9 + 2(a„) . 

With the parametrization U(x) = exp in(x)/F, one readily checks that 
£( 2 ' indeed contains the effective Lagrangian given in eq. (p8|): That part 
accounts for the first three terms in the expansion in powers of the field ft(x), for 
Vfj, = (a M ) =9 = 0. The expansion does not stop there, however. The nonlinear 
tr-model Lagrangian also contains vertices describing interactions among the 
Goldstone bosons, and contributions that involve the external fields v^, (a M ) 
and 9: This Lagrangian also accounts for the leading terms in the low energy 
expansion of the scattering amplitudes and of the correlation functions of the 
operators V£, Aq, u>. In fact, all of the predictions obtained in the sixties, on 
the basis of current algebra and PCAC, can be worked out in a comparatively 
very simple manner with this Lagrangian. Apart from the term H D fl 9D tl 9 1 
which exclusively generates a contact contribution in the two-point functions 
of the operators Aq and u>, the Lagrangian only involves the two basic 
low energy constants F and B introduced in section |^. In the large N c limit, 
F is of order \fNl, while B and Ho are of order 1. 

The crucial property that distinguishes the nonlinear cr-model from all 
other field theory models with eight scalar or pseudoscalar fields as dynamical 
variables is that it is manifestly invariant under the group U(3) R xU(3) L of local 
chiral rotations: The transformation ([TT1), (|l^ ) of the external fields leaves the 
Lagrangian C^ 2 ' invariant, provided the meson field U{x) is transformed with 

U(x)' = V K {x)U(x)Vj(x) . (33) 

Note that this transformation law does not leave the determinant of U(x) 
invariant. Indeed, U(x) is an element of SU(3) only for 9 = 0. The #-term 
in the Lagrangian of QCD - which is needed to analyze the consequences of 
chiral symmetry for the full group U(3) R xU(3) L of chiral rotations - modifies 
the condition det U = 1 that pertains to the standard nonlinear cr-model: The 
condition is replaced by the constraint 

detU = e' ie , (34) 
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which, in view of eq. (fig), is consistent with the transformation law (p3|). 

I add a remark of technical nature. In the presence of the singlet external 
fields 9 and (a M ), the covariant derivative V^t/ is not convenient to work with, 
because the trace (U'V^U) does not vanish. In the following, I instead use 
D^U = V M f7 + ^iD^OU, which does obey (WD^U) = 0. In this notation, the 
leading term of the effective Lagrangian takes the form 

£ ( 2 ) = i F 2( DfiUD »u^ + i p 2 B ( TO [/t + Um )) + l-H^D^D^e , 

D fl U = d IM U-i(v fl + a fl )U + iU(v fl -a IJ ,) + liD fi eU , (35) 

with H Q = H Q + F 2 . Note that, in the large N c limit, H is of 0(N C ) - the 
leading term in the 1 /N c expansion of this constant is given by F 2 . 

The invariance of immediately implies that the corresponding classi- 
cal action is invariant under local chiral transformations of the external fields. 
The classical action collects the set of all tree graph contributions to the path 
integral, so that this part of the effective action is invariant. The loop graphs 
cannot simply be dropped - otherwise_imitarity is violated - but they repre- 
sent contributions of nonleading order:E£l In dimensional regularization, those 
graphs of O- 2 ' that contain I meson loops represent contributions of order 
p 2e+2 . Accordingly, at leading order of the low energy expansion, only the tree 
graphs matter. The claim that the effective action of QCD can be represented 
as a path integral over meson fields thus implies that the leading contributions 
in the expansion of this effective action are given by the classical action of 
the nonlinear a- model and are therefore invariant under chiral rotations. This 
conclusion is in agreement with the fact that the anomalous terms occurring 
in the Ward identities represent contributions of order p 4 : As indicated by the 
expression in eq. (O), the quantity represents a term of that order. 



9 Illustration: Topological susceptibility 

At low energies, the leading contributions to the Green functions of QCD are 
given by the tree graphs of C^ 2 \ I illustrate the content of this claim with the 
topological susceptibility, [] 

x(q 2 )=iJdxe %q - x (0\Toj(x)Lj(0)\0) . (36) 

Because the dependence of the susceptibility on the quark masses is very in- 
teresting, I do not set m u equal to m^. To evaluate the corresponding low 

''The sign convention adopted here is such that the imaginary part of x{q 2 ) is positive. 
In this convention, x(0) is negative: The mean square winding number per unit volume of 
euclidean space is given by — x(0)- 
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energy representation at leading order, it suffices to calculate the extremum 
of the classical action of C^ 2%> in the presence of the external field 9(x), while 
m(x) is identified with the physical quark mass matrix and all other external 
fields are switched off. The correlation function of interest is the coefficient 
of the term quadratic in 9(x). The classical equation of motion implies that 
all components of 7r(x) vanish at the extremum, except 7r 3 (a;) and 7r 8 (x). The 
quadratic part of the Lagrangian yields the corresponding masses. The states 
7T° and r\ mix and the levels repel. The eigenvalues are 

M 2 = (m„ + m d )B - A , M% = § (m + 2m s )B + A , 

4sin 2 e \/3 — m u 

A = —{m s -m)B , tg2e= — — . 

3 cos 2 e 2 m s — m 

The susceptibility is obtained by_solving the classical equation of motion to 
first order in 9. The result reads O 

X(V 2 )= E l M2 l - } z ~ 5 BF2imu +md + ms) + ^° ^ + ° (p4) ' 

, , , n, 1 — 4 sin 2 e , 

(0| w|vr°) = 2e 3 os£ (m d - m u )BF , 

/nl I \ 2(1 -4sin 2 e)cose 

(0| w|r?) = — = (rn s - m)BF . 

3y3 cos 2 e 

The quantity x(0) represents the second derivative of the vacuum energy 
with respect to 9 and must vanish if eithex_m u , rrid or m s are sent to zero, 
because the ^-dependence then disappears.cJ Indeed, the pole contribution in 
the above representation cancels the momentum independent teian if one of 
the quark masses is turned off. The result takes the simple formtd 

X (0) - -BF 2 m red + 0(m 2 ) , (37) 

where m re d stands for the reduced mass, 

^ = ± + ± + ±. (38) 
m re d m u m d m s 

The relation amounts to a low energy theorem for the mean square winding 
number per unit volume: The expansion of this quantity in powers of the quark 
masses starts with (v 2 ) /V = BF 2 m re d + 0(m 2 ). 

The first derivative x'(0) 1& °f interest in connection with the spin content 
of the proton.Effij The explicit expression reads: 

x'(0) = ^V e d(-T + -T + A) + \H + O{m) . (39) 
L_ m~ m d mi. J ° 
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As mentioned earlier, the second term is suppressed as compared to the first: 
F 2 = 0(N C ), Hq = 0(1). In the following, I only consider the leading contri- 
bution, which is fully determined by the quark mass ratios m u : nid ■ m s . _ 

Numerically, inserting the phenomenological values of the mass ratios,E-3 
and using F ~ F v = 92.4 MeV, the formula predicts x'(0) = 2.2 • 1CT 3 GeV 2 , in 
remarkable agreement with the sum rule determination of Ioffe and collabo ra- 
tors,H who find x'(0) = (2.3 ± 0.6) • 10~ 3 GeV 2 and (2.0 ± 0.5) ■ 10~ 3 GeV 2 , 
depending on the method used. Stated differently, the sum rule results confirm 
the validity of the Okubo-Iizuka-Zweig rule in this case: The contribution from 
the term Hq is numerically small. 

Note that the above algebraic result is extremely sensitive to the pattern of 
chiral symmetry breaking: In view of m u , rrid -C m s , the formula roughly yields 
X'(0) ~ ^F 2 (m 2 t +m d )/(m u +m c i) 2 , so that the result is nearly independent of 
m s , but changes by a factor of 2 if the ratio m u /md is varied between and 1. 
The leading term in the quark mass expansion of x'(0) is of a similar structure 
as the one in the mass ratio (M^ — M^ + )/M 2 ~ (rrid — m u ) / (m u + rrid) ■ The 
connection with the proton spin content indicates that a similar sensitivity to 
the ratio m u /md also occurs in the relevant nucleon matrix elements. 

In principle, one could also derive the above results by means of current 
algebra and PCAC, but the calculation would be considerably more tedious. 
Beyond leading order, it is practically impossible to study such quantities with- 
out making use of th£.effective Lagrangian method. 

I add a commented concerning the definition of x(<Z 2 )- The correlation func- 
tion (0| T uj(x) ll>(0) |0) is too singular for the integral in eq. ( |36| ) to make sense 
as it stands. The corresponding dispersion relation contains two subtractions :E3 

a 4 r Hi 

X (q 2 ) = X(0) + 9 Y(0) + ^ \ —, 2— M Im ' 

7r J s z (s — q z — le) 

The first one of these is fixed by the invariance of the effective action under 
local chiral rotations, but the second is not: (i) For the path integral over the 
quarks and gluons to make sense in the presence of external fields, all terms of 
mass dimension < 4 that are consistent with the symmetries of the theory must 
be included in the QCD Lagrangian. (ii) The invariance property ( [l5|) excludes 
a term proportional to 9 2 , but does allow one of the form h^D^OD^O. In fact, 
such a term is needed to absorb the quadratic divergences occurring in the per- 
turbation theory graphs relevant for the topopogical susceptibility. Hence the 
value of x'(0) depends on the method used when subtracting these infinities. 
How come that we can make a statement about its numerical magnitude ? 

The reason is that all of the graphs contributing to the correlation function 
either remain finite or disappear when N c is sent to infinity. The same is true of 
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the renormalization ambiguity contained therein: On the level of the effective 
theory, the constant ho = O(l) exclusively contributes to Hq = 0(1). Since 
x'(0) is a quantity of 0(N C ), the problem only shows up at nonleading orders 
of the 1/N C expansion. The formula ([39]) shows that the leading term in the 
simultaneous expansion of x'(0) m powers of m u ,md,rn s and 1/N C is fully 
determined by the quark mass ratios and by the pion decay constant. In 
the evaluation of the sum rules, the problem does not show up, because the 
perturbative contributions that would require renormalization are discarded - 
the results obtained concern the nonperturbative contributions to x'(0)- 

10 Higher orders 

At next-to-leading order, the Langrangian involves further effective coupling 
constants. The effective theory contains infinitely many such constants, which 
chiral symmetry leaves undetermined - they represent the analogues of the 
Taylor coefficients ocurring in the Heisenberg-Euler Lagrangian. There is a 
difference in that those coefficients can explicitly be calculated in terms of the 
electron mass, while an explicit expression for the effective coupling constants 
F, B, . . . m terms of the scale of QCD is not available. Quite a few of these 
have been determined on the basis of experimental information, and for some, 
a numerical determination on the lattice has been performed.EH 

As mentioned above, the one-loop graphs of represent contributions 
of order p 4 . Dimensional regularization preserves the symmetries of the La- 
grangian. The divergences arising from the one-loop graphs thus represent 
local terms that are invariant under U(3) R xU(3) L . Since the Lagrangian 
contains all terms permitted by the symmetry, the divergences contained in the 
one-loop graphs of O- 2 ' can be absorbed in a renormalization of the effective 
coupling constants in C^ 4 \ The argument extends to graphs with an arbitrary 
number of loops, including those that involve vertices from the higher order 
terms in the derivative expansion of the effective Lagrangian. 

Taken by itself, the nonlinear cr-model does not make sense, because the 
divergences generated by the quantum fluctuations cannot be absorbed by 
renormalizing the coupling constants F, B. Indeed, the model only represents 
the leading term in the derivative expansion of the full effective Lagrangian. 
The effective theory does provide the proper embedding for the model to be 
meaningful: The divergences can be absorbed in the couplings of higher order. 
The results obtained on the basis of the effective theory to any given order in 
the low energy expansion are unambiguous. In particular, they do not depend 
on the regularization used - in this sense, the effective theory represents a 
renormalizable framework that involves infinitely many coupling constants. 
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Finally, I recall that the full effective action of QCD is not invariant under 
chiral rotations, because of the anomalies. For the effective theory to account 
for the anomalous terms in the Ward identities, the effective Lagrangian must 
contain contributions that are not invariant. In fact, a closed expression for the 
relevant contributions is known since a long time: the Wess-Zumino-Witten 
Lagrangian.Ej The full effective Lagrangian is obtained by first writing down 
all possible vertices that are invariant under U(3) R xU(3) L and then adding this 
term, which represents a contribution of 0(p 4 ) and thus belongs to C^- 4 \ The 
WZW-term does not involve any free parameters - like the anomalies them- 
selves, it represents a purely geometric contribution that is fully determined 
by the number of colours. 

11 Outline of the proof 

I now briefly sketch the proof0 of the claim that (a) the low energy expansion 
of the effective action of QCD can be worked out by means of an effective field 
theory and (b) the relevant effective Lagrangian is invariant under local chiral 
rotations, except for the WZW-term. The basic hypothesis underlying this 
proof is that the Goldstone bosons required by spontaneous symmetry break- 
down are the only massless particles contained in the spectrum of asymptotic 
states, so that only these generate singularities at low energies. 

One first shows that, as a consequence of the Ward identities, Goldstone 
bosons of zero momentum cannot interact. This is crucial, because it implies 
that the interaction becomes weak at low energies - the reason why the low 
energy properties of QCD can be worked out explicitly, despite the fact that 
the interaction among the quarks and gluons is strong there. 

Next, one considers the Goldstone boson scattering amplitude. The struc- 
ture of the low energy singularities contained therein is determined by the 
cluster decomposition: One-particle exchange generates poles, while the ex- 
change of two or more particles produces branch cuts. Since Goldstone bosons 
of zero momentum do not interact, the scattering amplitude disappears if all of 
the momenta are sent to zero. Unitarity implies that the imaginary part of the 
scattering amplitude is given by its square. In four dimensions, the relevant 
phase space factors yield nonnegative powers of the momentum, so that the 
imaginary part disappears more rapidly than the real part when the momenta 
tend to zero: The contributions generated by the exchange of two or more 
particles only show up at nonleading orders of the low energy expansion. The 
leading term exclusively contains the poles due to one-particle exchange. At 
leading order, their residues - the one-particle irreducible parts - are free of 
singularities and can thus be expanded in the momenta. This property under- 
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lies all of the early work on current algebra and PCAC and used to be referred 
to as the pion pole dominance hypothesis. 

The one-particle irreducible parts vanish at zero momentum. Lorcntz in- 
variance and Bose statistics thus imply that the leading term in their low 
energy expansion is of the form 



where pi . . . , p n are the momenta flowing into the irreducible part in question 
and i\, . . . , i n label the flavour quantum numbers of the corresponding Gold- 
stone bosons. The generic form of the leading contributions in the low energy 
expansion of the scattering amplitude is given by a product of pole terms and 
factors of the above form. Since contributions proportional to the square of 
the momentum of one of the particles cancel against the corresponding pole 
term, we may without loss of generality set . = 0. 

At leading order of the low energy expansion, the scattering amplitude is 
of the same structure as the tree graphs of a field theory. In fact, the tree 
graphs of the Lagrangian 



generate precisely the same scattering amplitude. The analysis can be extended 
to all orders of the low energy expansion. Clustering implies that the leading 
vertices also determine the leading contributions to the low energy singulari- 
ties generated by multiparticle exchange. At next-to-leading order, only the 
cuts due to two-particle exchange contribute. Removing these, the one-particle 
irreducible parts are free of singularities up to and including 0(p i ). The con- 
tributions of order p 4 may again be represented by corresponding vertices in 
the effective Lagrangian, etc. 

In order to extend the effective theory from the scattering amplitude to the 
Green functions of QCD, one needs to analyze the low energy expansion of the 
matrix elements of the currents with the Goldstone bosons. The singularities 
occurring therein can be sorted out in the same manner as for the scattering 
amplitude. The net result is that it suffices to equip the effective Lagrangian 
with suitable vertices, which in addition to the field tt 1 (x) and its derivatives 
also involve the external fields v fl (x), a^{x), m(x), 0(x) and their derivatives. 
This then establishes claim (a). 

Up to here, the analysis is perfectly general and applies to any system 
with a spontanously broken Lie group. If C e ff is invariant under a local group 
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of symmetries, then the same holds for the effective action that it generates 
- dimensional regularization manifestly preserves the gauge invariance of a 
scalar field theory, so that the symmetries of the classical Lagrangian also 
represent symmetries of the path integral. Claim (b) states that, for Lorentz 
invariant theories in four dimensions such as QCD, the converse is also true: 
The symmetries of the effective action imply that the effective Lagrangian 
can be brought to invariant form, except for the WZW term. The statement 
does not hold in the general case. In three dimensions, for instance, Chern- 
Simons theory represents a counter example. In four dimensions, the effective 
Lagrangian relevant for the spin waves of a ferromagnet does not have the same 
symmetries as the corresponding effective action: Under local spin rotations, 
the relevant Lagrangian changes by a total derivative.^ 

The main problem encountered in the analysis of the symmetry proper- 
ties of the effective theory is that the dynamical variables ir l (x) do not have 
immediate physical significance. They merely serve as variables of integration 
in the path integral - the underlying theory does not contain such quantities. 
One may, for instance, subject the variables to a transformation of the type 
ir l (x)' = f l (Tr) without changing the content of the effective theory. The free- 
dom corresponds to the fact that the off-shell extrapolation of matrix elements 
such as (0| A^\-K k ) or of the scattering amplitude is arbitrary. The explicit form 
of C e ff, however, does depend on the choice of the variables. This implies that 
the effective Lagrangian is not unique - a circumstance that makes it rather 
tedious to establish its properties. In practical applications, the problem man- 
ifests itself through the freedom of adding terms of nonleading order to the 
effective Lagrangian that are proportional to the classical equation of motion. 
Since such terms can be removed with a suitable change of variables, they are 
irrelevant. The various contributions generated by two Lagrangians that only 
differ in this manner, however, are not the same - only the sum relevant for 
physical quantities is. 

At leading order of the low energy expansion, the effective action is given 
by the tree graphs of D- 2 \ that is by the extremum of the corresponding clas- 
sical action. The tensor g ik (n), that collects the effective coupling constants 
associated with the leading order Goldstone boson interaction vertices, plays 
the role of a metric on the space of the effective fields. The invariance of the 
effective action implies that this metric admits a group of isometries. The rel- 
evant Killing vectors also show up in the effective Lagrangian: They represent 
the coefficients of the terms that are linear in the external vector and axial 
fields. The effective fields it 1 may be viewed as the coordinates of the quotient 
space G/H, where G and H are the symmetry groups of the Hamiltonian and 
of the vacuum, respectively. This space carries an intrinsic metric: The one 
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induced by the metric on the Lie group G. In the case of QCD, where G/H 
= SU(3), the metric relevant for the leading term in the derivative expansion 
of the effective Lagrangian differs from the intrinsic metric of the group SU(3) 
only by an overall factor, given by the square of the pion decay constant: 

ds 2 = ^g ik [-K)dn i d-K k = \ F 2 {dUdtf) . 

i,k 

This shows that the low energy strucure of the theory is determined by group 
geometry and explains why a model of mathematical physics turns out to be of 
relevance for our understanding of nature: For symmetry reasons, the leading 
order effective Lagrangian of QCD is the one of the nonlinear cr-modcl. 

The analysis extends to all orders of the derivative expansion:E£l With a 
suitable choice of the variables, the effective Lagrangian is invariant under local 
chiral rotations, except for the contributions generated by the anomalies. 

12 Effective Lagrangian of next-to-leading order 

By construction, the effective theory yields the general solution of the Ward 
identities obeyed by the Green functions of QCD. At leading order of the low 
energy expansion, this solution is fully determined by the three constants F, B 
and Hq. At next-to-leading order, the general solution of the Ward identities 
contains 12 additional parameters, even if the singlet vector and axial currents 
and the winding number density arc omitted. Their inclusion requires II 
further effective coupling constants - the explicit expression for contains 
a plethora of terms. 

Lorentz invariance implies that the Green functions can be decomposed 
into scalar functions, with coefficients that contain the external momenta and 
the tensors g^, ep Vpa - In view of the fact that the square of tp Vpa can be ex- 
pressed in terms of g^, there are two categories of contributions: The natural 
parity part of the effective action, which collects the pieces that do not contain 
the e-tensor, and the unnatural parity part, where this tensor occurs exactly 
once. Since the contributions from the anomalies are proportional to the tensor 
^iivpa, they only affect the unnatural parity part of the effective action. For the 
natural parity part, chiral symmetry thus amounts to a very simple statement: 
This part of the effective action is invariant under local chiral rotations of the 
external fields. 

It is convenient to decompose the effective Lagrangian accordingly. The 
natural parity part, in particular, the leading term of the derivative expan- 
sion, is invariant under local chiral rotations. Most of the terms occurring at 
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first nonlcading order also belong to the natural parity part of the effective 
Lagrangian. The full expression for this part reads:E3 

= L x (D^D^U) 2 + L 2 {D^D V U){D^D»U) 

+L 3 (D^D»UDM^D U U) + L 4 (D^D»U)(U^ X + X ] U) 
+L 5 (D^D^U(U^x + X^U)) + L e (rf x + X f U) 2 
+L 7 (U^x - X^U) 2 + L 8 (Uhuh + xW^) (40) 
-iLg (F^D"UD V U 1 + F^D^tf D V U) + L w (F^UF L ^U^) 
-a n D^e {U^D^UD V U ] D U U) + L 12 D^OD^e {D V U^D U U) 
+L13 DyflD v d (D^U^D^U) + L u D^OD^O (U^ X + X f U) 
-iiiB DpO {D»tf X ~ D^Ux^) + iL 16 3^6 (U^ X ~ X^U) 
+H t (F^F^ + F^IW) + H 2 ( X t x ) 

+H 3 viy^ + Hi a%a ^ + H 5 {D„.6D»6f + H 6 (d^9) 2 , 

with x( x ) = 25m(i). Some of the couplings involve the field strengths of the 
external fields: The traceless matrices F^ v , F^ collect the octet components of 
the field strengths belonging to the right- and left-handed fields r M = + a M , 
l/i — v fi — a ni respectively, while v^ v , are the abelian field strengths of the 
singlets v°, o?. 

The main term in the unnatural parity part is the Wess-Zumino-Witten 
Lagrangian, which does not involve unknown coupling constants, but there is 
one extra term, relevant for Green functions involving the operators Aq or uj: 

C$ = £wzw + iii 7 e^D^e (F? p D„UU* - D a U) . (41) 

A detailed discussion of the structure of the Wess-Zumino-term in the presence 
of the external singlet fields ujj, a° and is given in the paper quoted above.E3 

The coupling constants L\ , L 2 and L3 multiply vertices that contain four or 
more Goldstone bosons; these couplings, for instance, occur at first nonleading 
order in the low energy representation of the scattering amplitude. L4 and 
L5 determine the expansion of the decay constants to first order in the quark 
masses and Lg, L7, Lg are relevant for the corresponding expansion of M n , Mk, 
M v . The coupling constant Lg enters, for example, in the low energy expansion 
of the vector form factor, while L 10 is relevant for the decay n — > evj. As the 
constants Ln, . . . , Ln multiply vertices that disappear if the external singlet 
fields 9 and (a M ) are switched off, they only matter for Green functions formed 
with the singlet operators Aq, to, such as the topological susceptibility. 

The couplings Hi, . . . , , Hq represent contact terms. Some of these are 
subject to a renormalization problem similar to the one occurring in Hq- The 
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QCD Lagrangian, for instance, contains a term of the form h2(m^m), which is 
needed to absorb the quadratic divergences occurring in the graphs for the cor- 
relation functions of the scalar and pseudoscalar densities. As a consequence, 
the matrix elements (0|mt|0), (0\dd\0) and (0|ss|0) contain a term linear in 
the quark masses that is inherently ambiguous. Within the effective theory, 
the problem concerns the value of H2 and shows up already at leading order 
in the l/N c expansion. In principle, it should be possible to fix the ambiguity 
with the behaviour of the quark condensate when the quark masses become 
large: On physical grounds, the condensate should tend to zero - this can be 
the case only for one particular choice of the constant /12, so that the value of 
H 2 is fixed by this condition. 

13 Perturbation theory 

The path integral of the effective theory may be evaluated perturbatively. The 
leading term of the perturbation series is given by the tree graphs of C^ 2 \ At 
first nonleading order, both the tree graphs of and the one-loop graphs 
generated by contribute. At next-to-next-to leading order, the twodoop 
graphs of and the onedoop graphs containing one vertex from need 
also be taken into account, together with the tree graphs of , etc. 

The pcrturbative evaluation of the path integral is based on the decom- 
position £ e ff — Ckin + Cint , where the kinetic part is quadratic in the fields 
tt 1 (x). Most of the preceding discussion concerns the properties of QCD when 
the quark masses are turned off, where Ckin = ^dirdiT, so that the pertur- 
bation series involves massless scalar propagators. The effects generated by 
the quark masses are, however, accounted for in the effective Lagrangian - the 
perturbation series may just as well be worked out for nonzero quark masses. 
The position of the poles contained in the tree graphs of C^ are determined 
by the contributions quadratic in ir' l (x). Ignoring the isospin breaking due to 
the difference between m u and rrid, the eigenvalues are given by 

M x 2 = 2mB , M 2 K = {m + m s )B , = |(m + 2m s )B , (42) 

with m = \(m u + to^)- The tree graphs of C^ and the one-loop graphs of 
£( 2 ) generate corrections of order m 2 . At first nonleading order, the result for 
the pion mass, for instance reads 

Ml = € {l - if^(L 5 - 2L 8 ) - W* + m.)B {Li _ ^ 

+ -l^A^M^ + ^A^M^j+O^ 3 ) . (43) 



27 



The term A(0,M) stands for the scalar propagator at the origin, 

A ^ M )=(2^/ m^— ■ (44) 

It arises from a tadpole graph that describes the propagation of a pseudoscalar 
particle of mass M, emitted and absorbed at one and the same point of space- 
time. The integral diverges quadratically. In dimensional regularization, it 
contains a pole at d = 4: 

A(0,M) = 2M 2 X+— -M 2 \n— , 



^fl^il 1 !-^ 4 " 1 -' 1 ^ 1 '} ' (45 > 

The divergence can be absorbed in a renormalization of the effective coupling 
constants: 

L n = U n + T„A . (46) 

The pion mass stays finite when d — *■ 4, provided the coefficients T n obey 
— 2r§ = i, T4 — 2Tq = — -gg. Actually, the renormalization coefficients of 
all of the coupling constants occurring at first nonleading -order are known. 
Those for L\ . . . , Lio, Hi, H2 were worked out long ago.ta The additional 
couplings Ln ... , Li7,i?3, . . . , H$, which are needed to analyze the Green 
functions of the singlet currents and of the winding number density, do not 
pick up renormalization - the coefficients Tn, T12, ... all vanishEj 

The formula ( f43| ) shows that the expansion of M 2 in powers of the quark 
masses does not represent a straightforward Taylor series, but contains log- 
arithmic terms of the type m 2 lnm. These so-called chiral logarithms are 
characteristic of chiral perturbation theory and occur in many of the results. 
Their coefficient is determined by chiral symmetry, in terms of the pion decay 
constant. In the above expressions, the scale of the logarithms is the running 
scale [i of dimensional regularization. The renormalized coupling constants L r n 
also depend on this scale. In the results of physical interest, the running scale 
drops out. If we wish, we may write the above formula for M n in the form 

M^ll + ^ln^- • (47) 
*1 32tt 2 F 2 A 2 96tt 2 F 2 A 2 J V ' y ' 

The two scales A A , A B are independent of /1 - their values are determined by 
the coupling constants L4, L5, L§, L§. 
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14 Illustration: Form factors 



As a further illustration, I consider the electromagnetic form factor of the pion, 

(n + (p')\j^ + ( P )) = ( P »+ P n /Mt) ■ (48) 

In this case, perturbation theory leads to the following representation: 

/*+(*) = 1 + {2 L 9 + 2cf>(t, KU) + cj>{t, M K )} + 0(p 4 ) . (49) 

The leading term of the expansion is trivial - it represents the charge of the 
particle, /„•+(()) = 1. At first nonleading order, there are two types of con- 
tributions: (i) The term proportional to Lg, which comes from a tree graph 
containing a vertex from ; it is linear in the momentum transfer t. (ii) The 
functions (f>(t, M n ) and 4>(t, Mk) are generated by one-loop graphs, which ex- 
clusively involve vertices from C^; they are nontrivial functions of t, contain- 
ing branch cuts that start at t = 4A1% and t — 4M|-. In dispersive language, 
the cuts are generated by tttt and KK intermediate states. 

The function <fi(t, M) may be expressed in terms of the scalar loop integral 
formed with two propagators: 

2 1 f dk 

J ^ P 1 ' = (^r) 1 J (M 2 - k 2 — ie)(M 2 - (k - p) 2 - ie) ' (50) 

which is logarithmically divergent, so that the divergent part is momentum 
independent: The difference J(t, M) = J(t, M) — J(0, M) approaches a finite 
limit when d —> 4. The explicit expression reads: 

1 f M 2 

J(t, M) = J(t, M) - 2A - — - In — 

-, 1 f a - 1 1 f 4M 2 

J(t,M ) = — -lain— - + ~ 
loir z [ (7 + 1 

In this notation, the function <p{t, M) is given by 

4>(t, M) = ±Ub- 4M 2 )J(t, M) - 2 Xt - -±- 2 (in ^ + \ 

The resulting explicit representation of the form factor shows that the diver- 
gence of the one-loop contributions is absorbed by a renormalization of the 
coupling constant Lg according to eq. (f46|), with rg = j. 
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The corresponding expression for the charge radius becomes 

The formula involves the coupling constant Lg. Since the effective Lagrangian 
is consistent with chiral symmetry for any value of the coupling constants, 
symmetry alone does not determine the charge radius. It does, however, re- 
late different observables. The slope of the K® 3 form factor /+(£), for ip= 
stance, is also fixed by Lg. Conversely, the experimental value of this slope,E3 
A + = 0.0300 ± 0.0016, can be used to first determine the magnitude of Lg and 
then to calculate the pion charge radius. This gives (r 2 )l = 0.42 fm 2 , to be 
compared-with the experimental result obtained by scattering pions on atomic 
electrons:^! 0.439 ± 0.008 fm 2 . 

In the case of the neutral kaon, the analogous representation reads 

/*■(*) = J*i-Mt) + M*)} + 0{t\tm). (52) 

A term of order one does not occur here, because the charge vanishes. There 
is no contribution from either. Chiral perturbation theory thus provides 
a parameter free prediction in terms of the one-loop integrals 4>-n{t), (fruit)- fa 
particular, up to corrections of 0(m), the slope of the form factor is given byE3 

to be compared with the experimental valuell —0.054 ± 0.026 fm 2 . In the 
meantime, similar parameter free_pne-loop predictions have been discovered 
for quite a few other observables. 

The above expression for the charge radius exhibits another interesting 
feature, which is related to the fact that the cloud of Goldstone bosons that 
surrouds the pion becomes long range if the quark masses are sent to zero: The 
charge radius tends to infinity in that limit. The phenomenon also shows up in 
the behaviour of the form factor in the massless theory, where the expansion 
in powers of the momentum transfer contains a nonanalytic term, 

fMt) = l--^,tlJ- J ^ + 0(ti) , (54) 

so that the first derivative explodes at t = 0. The scale of the logarithm 
occurring here is fixed by the coupling constant Lg: 

^i^l'-f -1} ■ < 55 » 
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For the present review, the above sample calculations must suffice to il- 
lustrate the nature of the results obtained at first nonleading order of the 
chiral perturbation series. Plenty of such one-loop results are reported in the 
literatureEa In quite a few cases, the series has been worked out to next-to- 
next-to leadmg-. order, where the two-loop graphs .give rise to double chiral 
logarithms!!^ tl3 The explicit form of is knownJ^3 as welLas the renormal- 
ization of the effective coupling constants occurring thereinB3 The renormal- 
ization group flow of the effective theory was also examined, in particular in 
view of infrared attractive fixed points.cHI 

Among other things, the evaluation of the e.m. form factor to two loops 
allows a determination of the pion charge radius that is free of the model 
assumptions underlying the "experimental" value quoted above. The result of 
the model independent analysis readsS (r 2 )^ = 0.437 ± 0.016 fm 2 . 



15 Magnitude of the coupling constants 

One of the main problems encountered in the effective Lagrangian approach 
is the occurrence of an entire fauna of effective coupling constants. If these 
constants are treated as totally arbitrary parameters, the predictive power of 
the method is nil — as a bare minimum, an estimate of their order of magnitude 
is needed. 

In principle, the effective coupling constants F, B, L\, L2, ■ ■ . are calculable. 
They do not depend on the light quark masses, but are determined by the scale 
A QCD and by the masses of the heavy quarks. The available, admittedly crude 
evaluations of F and B on the lattice demonstrate that the calculation is even 
feasible in practice. As discussed above, the coupling constants L\, L%, . . . are 
renormalized by the logarithmic divergences occurring in the one-loop graphs. 
This property sheds considerable light on the structure of the chiral expansion 
and provides a rough estimate for the order of magnitude of the effective cou- 
pling constants!^ The point is that the contributions generated by the loop 
graphs are smaller than the leading (tree graph) contribution only for momenta 
in the range | p | < A x , where 

A x =AnF/y/N- f (56) 

is the scale occurring in the coefficient of the logarithmic divergence (Nf is the 
number of light quark flavours). This indicates that the low energy expansion 
is an expansion in powers of (p/A x ) 2 , with coefficients of order one. The 
argument also applies to the expansion in powers of m u , rrid and m s , indicating 
that the relevant expansion parameter is given by (M v /A x ) 2 and (Mk / A x ) 2 , 
respectively. 



31 



A more quantitative picture may be obtained along the following lines.0 
Consider again the e.m. form factor of the pion and compare the chiral repre- 
sentation ( |49| ) with the dispersion relation 

1 r°° dt' 
/,+ (*) = -/ jr-Imf^it') . 

K J AMI ~ 

In this relation, the contributions </>„., from the one- loop graphs of chiral 
perturbation theory correspond to irir and KK intermediate states. To lead- 
ing order in the low energy expansion, the corresponding imaginary parts are 
slowly rising functions of t. The most prominent contribution on the right-hand 
side, however, stems from the region of the p-resonance, which nearly saturates 
the integral: The vector meson dominance formula, f 7T +(t) = (1 — i/M 2 ) -1 , 
which results if all other contributions are dropped, provides a perfectly de- 
cent representation of the form factor for small values of t. In particular, this 
formula predicts (r 2 }^ — 0.39 fm 2 , in satisfactory agreement with observation. 
This implies that the effective coupling constant Lg is approximately given by 

= 2^ ■ ( 57 ) 

In the channel under consideration, the pole due to p exchange thus repre- 
sents the dominating low energy singularity — the tttt and KK cuts merely 
generate a small correction. More generally, the validity of the vector meson 
dominance formula shows that, for the e.m. form factor, the scale of the low 
energy expansion is set by M p — 770 MeV. 

Analogous estimates can be given for all effective coupling constants at 
order pl_saturating suitable dispersion relations with contributions from reso- 
nanceSjOEj for instance: 

L 7 



4M| ' ' 48M^, 

where Ms — 980 MeV and M v > ~ 958 MeV are the masses of the scalar 
octet and pseudoscalar singlet, respectively. In all those cases, where direct 
phenomenological information is available, these estimates do remarkably well. 
I conclude that the observed low energy structure is dominated by the poles 
and cuts generated by the lightest particles — hardly a surprise. 

The effective theory is constructed on the asymptotic states of QCD. In 
the sector with zero baryon number, charm, beauty, . . . , the Goldstone bosons 
form a complete set of such states, all other mesons being unstable against 
decay into these (strictly speaking, the rj occurs among the asymptotic states 
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only for nid = m u ; it must be included among the degrees of freedom of 
the effective theory, nevertheless, because the masses of the light quarks are 
treated as a perturbation — in massless QCD, the poles generated by the 
exchange of this particle occur at p = 0) . The Goldstone degrees of freedom are 
explicitly accounted for in the effective theory — they represent the dynamical 
variables. All other levels manifest themselves only indirectly, through the 
values of the effective coupling constants. In particular, low lying states such 
as the p generate relatively small energy denominators, giving rise to relatively 
large contributions to some of these coupling constants. 

In some channels, the scale of the chiral expansion is set by M p , in others 
by the masses of the scalar or pseudoscalar states occurring around 1 GeV. 
This confirms the rough estimate j56|). The cuts generated by Goldstone pairs 
are significant in some cases and are negligible in others, depending on the 
numerical value of the relevant Clebsch-Gordan coefficient. If this coefficient 
turns out to be large, the coupling constant in question is sensitive to the 
renormalization scale used in the loop graphs. The corresponding pole domi- 
nance formula is then somewhat fuzzy, because the prediction depends on how 
the resonance is split from the continuum underneath it. 

More precise results can be obtained by evaluating suitable dispersion 
integrals or sum rules, using unitarity to determine the relevant imaginary 
parts. cSc3 This method makes it evident that the pole dominance formulae 
only represent a crude parametrization: The value of Mg, for instance, is the 
scale at which the relevant integral over the imaginary part receives its main 
contributions - it is inessential whether or not that contribution is adequately 
described by a narrow peak.E3 

The quantitative estimates of the effective couplings given above explain 
why it is justified to treat m s as a perturbation. At order p 4 , the symme- 
try breaking part of the effective Lagrangian is determined by the constants 
La, . . . , Lg. These constants are immune to the low energy singularities gen- 
erated by spin 1 resonances, but are affected by the exchange of scalar or 
pseudoscalar particles, so that their magnitude is determined by the scale 
Ms — M v i ~ 1 GeV. Accordingly, the expansion in powers of m s is controlled 
by the parameter (Mk/Ms) 2 — \- The asymmetry in the decay constants, for 
example, is determined by L 5 . The estimate of this coupling constant given 
above yields 

F K Ml- Ml 

F-k ~ Ml ' 

up to chiral logarithms and higher order terms. This shows that the breaking 
of the chiral and eightfold way symmetries is controlled by the mass ratio of 
the Goldstone bosons to the non-Goldstone states of spin zero. In chiral per- 
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turbation theory, the observation that the Goldstones are the lightest hadrons 
thus acquires quantitative significance: For momentum independent quantities 
such as masses, decay constants, charge radii or scattering lengths, the mag- 
nitude of consecutive orders in the chiral perturbation series is determined by 
the ratio (M K /M S ) 2 . 



16 Partition function 



Chiral perturbation theory yields remarkable insights into the equilibrium 
properties of the theory at temperatures below the chiral phase transition. 
The same effective Lagrangian that provides a representation for the Green 
functions of QCD also yields a representation for the partition function,c3 

Trexp^-^^^l^exp^/^dx 4 /:^) , (58) 

where is the euclidean form of the effective Lagrangian, and the path 
integral extends over all configurations that are periodic in the time direction, 
^(XjX 4 + 0) = n l (x,x ), with j3 — 1/kT. In particular, the melting of the 
quark condensate, which sets in when the temperature rises, can be worked 
out by means of this formula. If the masses.m u and are set equal to zero, 
the temperature expansion takes the formpj 

1 =7; t =tt In — + 0(T S ) [ , 

8F 2 384F 4 288F 6 \T J v ') ' 

where F is the value of F v in the limit m u = ma = 0. The formula is exact 
- for massless quarks, the temperature scale relevant at low T is the pion 
decay constant. The additional logarithmic scale T\ occurring at order T 6 
is determined by the effective coupling constants that enter the expression 
for the effective Lagrangian at order p . Since these are known from the 
phenomenology of irir scattering, the numerical value of T\ is also knowno 
Ti = 470 ± 110 MeV. 

While the Goldstone bosons give rise to powers of the temperature, massive 
states like the p-meson are suppressed by Boltzmann factors like exp(— M p / kT). 
In view of the fact that the spectrum contains many such states, these never- 
theless generate a significant contribution, already for temperatures of or- 
der 140 MeV (there, the typical energy of the Goldstone bosons is of order 
2.7 kT ~ 400 MeV). The massive states accelerate the melting process. 

The low temperature expansion clearly exhibits the limitations of the 
method: The truncated series can be trusted only at low temperatures, where 
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the first term represents the dominant contribution. In particular, the be- 
haviour of the quark condensate in the vicinity of the chiral phase transition 
is beyond the reach of the effective theory discussed here. 

The low temperature expansion was investigated for quite a few other 
quantities of physical interest. The position and the residue of the pole in 
the thermal correlation function of the axial current (effective values of M n 
and F v ) are known up to and including two loops.ca For massive particles, the 
sensitisiity of the mass and of the width to the temperature was also analyzed in 
detail.E3 These results are of interest, in particular, for the physics of the final 
state produced in heavy ion collisions. Some of the corresponding transport 
coefficients have been worked out by means of. chiral perturbation theory.Eil 
The effects due to an external magnetic fieldE3 have also been investigated. 
Recently, the behaviour of QCD at high chemical potential, in particular, the 
occurrence of a "colour-flavour locking phase" has attracted great interest.^ 
The properties of such a phase can also be analyzed by means of a suitable 
effective LagrangianO 



17 Universality 

The Higgs sector of the Standard Model is also characterized by a sponta- 
neously broken symmetry. In that case, the Hamiltonian is symmetric under 
G = 0(4), while the symmetry group of the ground state is the subgroup of 
those rotations that leave the expectation value (0| </?|0) of the Higgs field in- 
variant, H = 0(3). As discussed in section 11, the structure of the effective 
Lagrangian follows from the Ward identities obeyed by the Green functions. 
The form of these identities is controlled by the structure of G and H in the 
infinitesimal neighbourhood of the neutral element. Since the groups 0(4) 
and 0(3) are locally isomorphic to SU(2) R xSU(2) L and SU(2) V , respectively, 
the effective Lagrangians relevant for the Higgs model and for QCD with two 
massless flavours are identical. At the level of the effective theory, the only 
difference between these two physically quite distinct systems is that the nu- 
merical values of the effective coupling constants are different. In the case of 
QCD, the one occurring at leading order of the derivative expansion is the 
pion decay constant, F ~ 90MeV, while in the Higgs model, this coupling 
constant is larger by more than three orders of magnitude, F ~ 250 GeV. At 
next-to-leading order, the effective coupling constants are also different. In 
particular, in QCD, the anomaly coefficient is equal to N c , while in the Higgs 
model, it vanishes. 

The operators relevant for the expectation values (0| qq |0), (0| if |0) trans- 
form in the same manner under G. The above formula for the quark condensate 
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thus holds, without any change whatsovever, also for the Higgs condensate: 

f rp2 rp4 rpQ 

(0) T = (0|?|0>|l - ^ - _ - _ 

In fact, the universal term of order T 2 was discovered in the framework of the 
Higgs model, in connection with work on the electroweak phase transition.LJ 

The example illustrates the physical nature of effective theories: At long 
wavelength, the microscopic structure does not play any role. The behaviour 
only depends on those degrees of freedom that require little excitation energy. 
The hidden symmetry, which is responsible for the absence of an energy gap and 
for the occurrence of Goldstone bosons, at the same time also determines their 
low energy properties. For this reason, the form of the effective Lagrangian is 
controlled by the symmetries of the system and is, therefore, universal. The 
microscopic structure of the underlying theory exclusively manifests itself in 
the numerical values of the effective coupling constants. 

Chiral perturbation theory may also be used to analyze the spontaneous 
breakdown of electroweak gauge symmetry, without relying on the assumption 
that the phenomenon is described by the Higgs model. As far as the low energy 
structure is concerned, alternative models such as technicolour are described 
by the same effective theory - the degrees of freedom involved in the formation 
of the electroweak condensate only show up indirectly, in the values of the 
effective coupling constants.E3E3 
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18 Concluding remarks 

The main motivation for working in chiral dynamics is that it is fun, but for 
those strolling in other fields, one can give a few scientific reasons that indicate 
what this is good for. 

In condensed matter physics, effective theories have successfully been used 
since a long time. In particular, the phenomenon of spontaneous symmetry 
breakdown was discovered there. In this perspective, chiral perturbation the- 
ory is just another illustration of the fact that the relevant degrees of freedom 
must be identified to arrive at a good understanding of the physics. Lorentz 
invariance implies that the relation between the wavelength and the frequency 
of the Goldstone bosons of particle physics is given by u> — c\k\. The dispersion 
law for the magnons of an antiferromagnet is of the same form, but there are 
two differences: The value of c is not the same and, more importantly, the 
relation is linear in |fc| only for large wavelengths - the dispersion law also con- 
tains higher powers of fc, while Lorentz invariance excludes such terms. The 
effective theories describing the magnons of a ferromagnet or the phonons of 
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a solid differ even more from those relevant for particle physics - it is very 
instructive to see why that is so.Ej 

Chiral perturbation theory has become an indispensable tool in the phe- 
nomenological analysis, because it provides a detailed understanding of the low 
energy properties of the strong interactions and puts early attempts in this di- 
rection - the static model of the ttN interaction, just to name one - on firm 
mathematical grounds. In particular, much of what we know about the weak 
interactions comes from kaon decays. To analyze the relevant observables, the 
effects due to the strong interactions must be accounted for. 

Also, what we know about the pattern of light quark masses heavily relies 
on the results obtained with chiral perturbation theory. Gradually, lattice 
calculations start contributing to our knowledge in this domain, but further 
progress with light dynamical fermions is required before the numbers obtained 
with this technique can be taken at face value, particularly for m u and - 
it is difficult to numerically simulate the effects generated by the emission and 
absorption of the Goldstone bosons. Even so, these calculations already now 
shed a considerable amount of light on the low energy properties of QCD. 

In connection with lattice simulations, chiral perturbation theory is useful 
as a tool to analyze the finite size effects. Since these are dominated by the 
lightest particles, that is by the Goldstone bosons, they can be calculated on 
the basis of_the effective theory. For quite a few observables, the calculation has 
been done.L3 Once lattice evaluations with dynamical quarks reach realistically 
small quark masses, these results should turn out to be very useful, because 
they allow one to correct the numerical results for the most important finite 
size effects, so that volumes of modest size should suffice - in the standard 
approach, where the infinite, volume limit is performed by brute force, very 
large volumes are required.Ea 

The volume-dependence of the partition function is relevant also for an 
understanding of the spectrum of the Dirac operator. As pointed out by Banks 
and Casher,Ej the quark condensate is determined by the spectral density 
at small eigenvalues. Chiral perturbation theory allows one to establish a 
rather detailed picture for the properties of the spectrum, as well as for the 
distribution of the winding number .Ei 

A further issue, where chiral perturbation theory turned out to be very 
useful, is the Okubo-Iizuka-Zweig rule, which becomes exact only in the limit 
where the number of colours is sent to infinity. The effective theory can be 
extended to cover the case where N c is taken large. In this framework, the rf 
plays a crucial role, because the U(I)-anomaly, which is responsible for the bulk 
of the mass of this particle, is then suppressed. e3 The systematic expansion of 
the effective theory in powers of l/N c allows one to disentangle the effects 
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that break the OZI rule from those that break flavour symmetry - a_necessary 
prerequisite to quantitatively describe, for instance, 77 — 77' mixing. E3 The ex- 
tended effective theorv_also provides a handle on the ambiguity pointed out by 
Kaplan and Manoharj£j which is of relevance in connection with phenomeno- 
logical determinations of the quark_mass ratios: The ambiguity is suppressed 
to all orders of the 1/N C expansion.Ej 

One of the problems encountered in chiral perturbation theory is that the 
truncated low energy expansion of the amplitudes satisfies unitarity only up 
to higher order contributions. In some cases, the effects generated by the two- 
particle cuts are quite large, already at threshold - in a one-loop calculation, 
these are accounted for only to leading order of the low energy expansion. In 
the case of the nn scattering amplitude, a much more accurate representation 
is obtained by matching.the chiral representation with a dispersive one, based 
on the Roy equations B Dispersive methods have also been used to analyze 
the two-particle cuts in other amplitudes, such as two-point functions or form 
factors. cSc§E3 An improved description may be obtained by rewriting the chi- 
ral representation in such a manner that elastic unitarity is obeyed exactly. In 
the case of a form factor, for instance, it suffices to replace the one-loop for- 
mula for f(t) by the one for 1/ f(t). The Gounaris-Sakurai formulaED amounts 
to precisely this prescription - it provides a remarkably accurate low energy 
representation for the e.m. form factor. As advocated by Truong,L3 a simi- 
lar unitarization procedure can be applied to other amplitudes as well. The 
main problem with this approach is that the choice of the unitarization is not 
unique. It would be of considerable interest to find out what reordering of 
the chiral perturbation series is required to improve the representation in an 
algebraically controlled manner. 

A fascinating aspect of chiral dynamics is the possibility of subjecting the 
theory to experimental test. As an example, I briefly discuss the S'-wave scat- 
tering lengths of irir scattering. Since Goldstone bosons of zero momentum 
cannot interact, these scattering lengths vanish if m u and are sent to zero 
- like the pion mass, they represent a quantitative measure for the breaking of 
chiral symmetry due to the quark masses. In fact, in 1966, Weinberg showed 
that the two symmetry breaking effects are related to one another. In partic- 
ular, the leading order prediction for the isoscalar scattering length reads n 

7M 2 

The next-to-leading order terms-|in the low energy expansion of the tttt scatter- 
ing amplitude were worked outl!3 in-J.983 and, in 1996, those of next-to-next-to 
leading order were also calculated.!^! Matching the two-loop representation of 
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the scattering amplitude with the dispersive representation obtained by solving 
the Roy equationa£3; 39 l the scattering lengths can be predicted at the 2-3% 
level of accuracy£30 a[j = 0.220 ± 0.005, to be compared with Weinberg's 
leading order formula, which yields a[j = 0.16 and with the one-loop result, 
a[J = 0.20. In this case, the convergence of the expansion in powers of the 
quark masses is well understood - the error bar attached to the above numer- 
ical result includes the uncertainties due to terms of yet higher order. 

The example represents one of the very rare cases in strong interaction 
physics, where theory is ahead of experiment. The symmetry breaking effects 
due to ttl u , rrid are hard to measure, because they are very small. Currently, 
the best source of information concerning the value of the tttt scattering lengths 
is the decaji. K — > intev. The preliminary results of a recent measurement of 
this decayO are consistent with the above prediction, but the experimental 
errors still leave roam, for significant deviations. There is a beautiful proposal 
to due to Nemenovjl3 based on the observation that 7r + 7r~ atoms decay into 
a pair of neutral pions, through the strong transition 7r + 7r~ — * 7r°7r°. Since 
the momentum transfer nearly vanishes, the decay rate is proportional to the 
square of the combination a§ — clq of S-wave irir scattering lengths. The prop- 
erties of the pionic atom haise recently been analyzed at depth, on the basis of 
chiral perturbation theory,u so that the precise form of the relation between 
the decay rate and the scattering lengths is known. Since the predictions for 
the latter are very sharp, the measurement of the lifetime of tt + tt~ atoms, 
which aims at an accuracy of 10%, will provide a very stringent test of the 
standard framework that I have been relying on throughout this review. This 
framework is based on the hypothesis that the Gell-Mann-Oakes-Renner re- 
lation is dominated by the order parameter of lowest dimension - the quark 
condensate. As emphasized by J. Stern and collaborators J 75 " 45 ! symmetry alone 
does not guarantee that this is so. If the outcome of the experiment should 
turn out to be in conflict with the prediction quoted above, my understanding 
of chiral dynamics would undergo a first order phase transition. 
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